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Abstract — Correlating equations for heat transfer by natural convection from horizontal cylinders to a

cyhindrical enclosure are obtained using a conduction boundary-laver model. The correlation is valid

for heat transfer by conduction, laminar fiow and turbulent flow. The results approach the correlation

for heat transfer from a free horizontal cylinder as the outer cylinder diameter becomes infinite and for

quasi-steady heat transfer to fluid within a horizontal cylinder as the inner cylinder diameter approaches

zero. Horizontal concentric. eccentric and arrays of cylinders within the outer cylinder are geometries
included in the correlation.

NOMENCLATURE

A;. inner cylinder area;

D;. inner cylinder diameter;

D,, outer cylinder diameter;

h. mean overall heat-transfer coefficient:

h;. mean inner cylinder heat-transfer
coefficient, = Q:xD. I(T,— T;):

k. mean outer cylinder heat-transfer
coefficient, = Q/nD,!I(T, — T,):

k. thermal conductivity;

Keg. mean equivalent conductivity:

I8 length along cylinder;

L, gap width. = R,—R;:

N, number of inner cylinders;

Nu;, mean Nusselt number for inner cylinder
boundary-layer conditions. = h; D;/k;

Nu,,  mean Nusselt number for outer cylinder

boundary-layer conditions. = h,D,/k;

Nup.  mean Nusselt number for conduction or
convection within an enclosure;
Nup, . mean Nusselt number for convection,
: =ID;’k. Q = hinD I Ti=Tp):
mb,m‘. mean Nusselt number for convection,
= hDijk, Q = hnaD; (T, - T,);
Nup, . mean Nusselt number for conduction
within an enclosure;
Nup, . mean Nusselt number for convection
within an enclosure, = hD,/k.
Q = haD AT, - T,):
Pr. Prandtl number:
0. rate of total heat flow:
R.. inner cylinder radius:
R,. outer cylinder radius;
Ra. Rayleigh number:
Ra'. Rayleigh number using AT = T~ Ty
T. temperature.

Greek symbols

i mean thickness of inner cylinder film:
.- mean thickness of outer cylinder film;
eccentricity of inner cylinder: distance
moved from its concentric position.
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Subscripts
b. bulk:
D. cylinder diameter used as length scale:
i. inner cylinder;
L. gap width used as length scale:
0. outer cylinder.

INTRODUCTION

NUMEROUS correlations have been proposed for
overall heat transfer by natural convection between
horizontal concentric cylinders. Kraussold [1] and
Bishop [2] found the mean equivalent conductivity to
be essentially a function of Rayleigh number based on
the gap thickness for L/D; < 3. A better correlation
was obtained by Itoh, Fujita, Nishiwaki and Hirata [3]
who used \/(R; R,) In(R;/R,) as the characteristic length.
Raithby and Hollands [4] used a conduction layer
model similar to that first proposed by Langmuir as
reported by Eckert [5] but without curvature effects.
Another conduction model was used by Barelko and
Shtessel [6].

Several heat-transfer correlations for natural convec-
tion from a single horizontal cylinder have been ob-
tained including those by McAdams [7]. Raithby and
Hollands [8] and Churchill and Chu [9]. The only
correlations developed for all Rayleigh and Prandtl
numbers are those in [8] and [9].

The present method of correlating overall heat-
transfer results combines conduction solutions, laminar
boundary-layer solutions and experimental data. A
single correlation is developed to predict heat transfer
from a single horizontal cylinder. to a fluid inside a
horizontal cylinder under quasi-steadv conditions and
between concentric and eccentric cylinders. Slight
modifications enable the heat-transfer coefficients for
more than one inner cylinder within an outer cylinder
to be predicted.

ANALYSIS

Consider two infinitely long horizontal cylinders
maintained at different temperatures with the smaller
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diameter cylinder positioned within the larger one.
Heat is transferred through a fluid contained in the
space between the cylinders by natural convection. A
conduction film is assumed to exist in the fluid near
the surface of each cylinder which constitutes the
thermal resistance. The central fluid region is assumed
to have an average bulk temperature, T,. Thermali
energy is transported from the inner film to the outer
film by convection with no losses. The average heat-
transfer coefficient for the inner film determined from

Q=hA(T-T) 1)

is given by

— 2k
= (2)

! Diin D:+23;]
i D,‘

This is simply conduction through an annulus with an
inner diameter D;, mean thickness 4; and thermal con-
ductivity k. Similarly at the outer cylinder the heat-
transfer coefficient based on the area of the outer
cylinder is

— 2k

hy = ———————
D,In b,
" p,~2.

Combining the two thermal resistances in series gives
an expression for the overall heat-transfer coefficient
for the cylinders

hD; = 14-1 - 4)
=\FDED, ‘

The average Nusselt number for convection is found
by combining equations (2), (3) and (4)

3

hD; 2

— I i R S ‘5
p Nup, . 14+20,/D; !
M1225,D,
which can be written
o 2
Nup,,. = ©

1+ 2,”.N—u.- ’
In} ——=

1 —ZV‘Nu,,
The significance of the term Nu; becomes clear in the
limit as D, — oc. This corresponds to heat transfer by
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natural convection from the outside surface of a single
horizontal cylinder. Equation (6) reduces to

By

= i7)
In[t+2:Nu]

Nup,_.
When the thickness of the boundary layer () is very
small compared to the cylinder diameter (D;) (7)
reduces to

Nup = Nu,. {8)

This is the boundary-layer approximation in which
curvature effects are neglected.
For laminar flow Nu; can be written as

o 0.559 357)-512
Nuizo.slsRa,‘,{H( 5 ) } 9
ro

which is in the form used in [9], to correlate laminar
boundary-layer heat transfer by natural convection
from a horizontal cylinder. The power in the Prandtl
number term is here modified to fit the boundary-
layer solutions of Chiang and Kaye [10] and Lin and
Chao [11] at Pr = 0.7 rather than that of Saville and
Churchill {12] which is slightly lower than the others.
The temperature difference used in the Rayleigh num-
beris T;— T, and the length scale D;.

No boundary-layer solutions are available for tur-
bulent flow {rom a single horizontal cylinder. The
expression

correlates experimental heat-transfer data for gases and
liquids as mentioned by Cess {13] and correlates the
turbulent mass-transfer data of Schiitz [14] very well.

The two relations for laminar and turbulent flow
can be combined using the method of Churchill and
Usagi [15]. To give an expression valid for ail
boundary-layer flow conditions

Nu; = [(O.SISRa})L*{I +(0.559\)3 5]' 5'12\)x5

\ Pr,

1.18
+(0.1Ra,‘,})”} (1

The exponent 15 was chosen somewhat arbitrarily to
fit the experimental data.

Placing this expression for Ny into (7) incorporates
curvature effects and gives a correlation for natural
convection heat transfer from a single horizontal
cylinder valid at any Rayleigh and Prandtl number.

5

(2

Nup,, =

9 =

-

0559 3/87]-512\ 15 msi
) ] ) +(041Rab,3)’5} 1

]’[ +{(0.518Ra};;‘[1+( =

r J

Results from this expression at Pr = 0.7 are listed in Table 1 with numerical values obtained from previous
correlations. The present values are very close to those of [8] in particular at small Rayleigh numbers. These
results fit the data of Collis and Williams [16] much better than the correlation of [9].

The Nusselt number should approach zero as the Rayleigh number decreases since the heat transfer by
conduction from a cylinder to an infinitely large medium is zero. This is not true for the correlation presented
in [9] which uses an empirical non-zero constant as the lower limiting value.
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Tabie 1. Comparison of correlations for the overall Nusselt number for natural convection
from a free horizontal cylinder to gases (Pr = 0.7)

logyoRap, Nup,,,,
M [23] [24] [9] (8] Equation (12)
13 2276 2123 2155
12 1069 992 1001
11 505 466 465
10 240 221 216
9 933 88.3 116 107 101
51.3 49.0 56.5 530 477
7 288 - 274 282 273 24.1
6 16.2 15.5 14.5 14.7 13.6
5 9.33 8.93 7.76 8.32 8.05
4 5.37 5.31 437 497 492
3 316 3.31 261 313 3.14
2 2.11 2.17 2.11 1.67 209 2.10
1 1.51 1.44 1.51 1.15 1.48 1.49
0 1.08 0.957 1.07 0.848 1.11 1.11
-1 0.841 0.697 0.800 0.670 0.868 0.872
-2 0.661 0.542 0.596 0.561 0.706 0.708
-3 0.550 0442 0.525 0.492 0.591 0.593
—4 0.490 0.372 0.463 0.448 0.507 0.508
-5 0.322 0.419 0.443 0.444
-6 0.283 0.400 0.393 0.394
-7 0.252 0.387 0.354 0.354
-8 0.378 0.321 0.322
-9 0.372 0.294 0.294
—10 0.368 0.271 0.271
-1 0.366 0.251 0.252
-12 0.364 0.234 0.235
-13 0.363 0.220 0.220

Taking the limit as the inner cylinder diameter approaches zero in equation (6) gives
—_ 2

Nup = m (13)
which can be written
Nip = (14)
= —n[1-2/Nu,)
where NEDW uses D, as the reference length in place of D;. As curvature effects disappear this reduces to
Nup__ = Na,. (15)

This corresponds to natural convection boundary-layer heat transfer to a fluid inside a horizontal cylinder
under quasi-steady conditions with no curvature effects.

No boundary-layer solutions were found in the literature for this situation aithough experiments have been
performed with gases and liquids. Deaver and Eckert [17] present heat-transfer results at iow Rayleigh numbers
where conduction and curvature effects are not negligible. Maas and David [18] report a similar study at
higher Rayleigh numbers where the liquid results could be correlated by

Nu, = 0.587Ra}} (16)

with the temperature difference in the Rayleigh number T,— T, and the length scale D,. At small Rayleigh
numbers Deaver and Eckert show that Nu,__ in equation (14) becomes that for conduction which is 8.0.
Therefore, as the Rayleigh number approaches zero

—_ 2
Nuo = TW . (17)
Equations (16) and (17) were combined with equation (14) to fit the data in [17]. This results in
. 2 5/3 3/5
Nu, = [(T-—f‘m) + (0.587Ra};’;‘)5/3:] (18)

which is valid for conduction and laminar flow with the exponent 5/3 chosen empirically.
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No experiments or boundary-layer solutions were found for turbulent flow aithough Schmidt [19] found
that turbulent natural convection within a sphere could be correlated by

Nu, = 0.119Rab?. 119

An equation similar to {10} is chosen as being a reasonable estimate for turbulent flow within horizontal cylinders
for gases and liquids

Nu, = 0.1Ra};. (20)
Equations (18) and (20) were combined to give an expression for Nu, valid at all Rayleigh numbers
o 4 2 \ 33 ) 35N\ 15 Y15
Nu, = {([( TZF_S) +(O.587Ra}5’,,")5“} > + (().lRa,S’f)”} : (21

This is placed in (14) to give a correlation for quasi-steady natural convection heat transfer to a fluid inside a
horizontal cylinder valid at any Rayleigh number

— 2
= 22
Nuf}v:am - - " { ]

| : y
|

i g 2 V3 315\ 15 11s
L {(Kiﬁ) +{0.587Rap)* 3] > +(0.1Ra§{03)15}
\ - o~ _l

The values of the Nusselt number obtained from this expression are plotted on Fig. 1. The experimental points
of Deaver and Eckert are correlated very well. The correlation of Maas and David becomes the limiting case
for laminar flow at large Rayleigh numbers. All the experiments used in obtaining the present correlation were

performed using moderate Prandtl number liquids. This correlation is not expected to give valid results for
low Prandtl number fluids.
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Fi1G. 1. Comparison of correlating equation with experimental results for quasi-steady natural convection to liquids in a
horizontal cylinder.

The expressions for Nu; and Nu, can be combined with equation (6) to give a relation for the overall Nusselt
number for heat transfer by natural convection between an inner and outer horizontal cylinder. A Prandtl
number variation was incorporated into the correlation for Nu, to fit numerical results [29] for the horizontal

concentric cylinder configuration at Ray, = 10*. L/D; = 0.8 and 0.01 € Pr < 1000 to within 2°;. The resulting
correlation becomes

- 2
Nup,,, = 5 = (23a)

0,559\ /5 512\ 15 v TS
[t 0.518Ra} li ( ;5) ) +(0.IR£I§>’;3)”:1
r
2
315 715
{((( —075 +(0.587GRap)¥ ] ) +(0,1Rab;3)‘5}

0.6 -5 -1.5
G= {(1—% 07) +(0.4+2.6Pr°‘7)"5j| (23b)

The relation for G can be used in equation (22) also.
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This cannot be evaluated until 7, is known. However,
it is easily found by equating the heat transfer at each
cylinder which results in

Nup

T-T, e

T-T, Nup @4
with Nup_and Nup__ given by equations (12) and
(22) respectively. In practice four or five iterations are
required to establish 7, from an initial guess value so
that (23) can be evaluated.

At small Rayleigh numbers the heat transfer between
the cylinders is by conduction. The presence of the
cylinders limits the size of §; and §, which was not
considered previously. Therefore, the Nusselt number
for conduction becomes the lower limiting value of (23).
For conduction between two cylinders

Nuy; 2 (25)
“Prws = Cosh \[(DF+ D2 — 4¢?)j2D; D, ]
with ¢ the distance the inner cylinder is moved from
its concentric position.
The value of the overall Nusselt number valid at any
Rayleigh number is found by combining equations (23)
and (25)

Nup, = [(Nup,

wcony

=m)ls +(—N_ub )15]1/15 (26)
with the exponent 15 chosen to fit experimental data.
The overall equivalent conductivity is defined as
—  Nup,
eqg = N
u Dicons

Equations (23) through (27) should correlate heat-
transfer results for natural convection between two
horizontal concentric or eccentric cylinders.

icons

27

RESULTS AND DISCUSSION

When the eccentricity is zero, results for concentric
cvlinders should be obtained. Experimental results for
this configuration obtained with gases and liquids are
shown on Fig. 2 as are the curves calculated with
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D,/D; =2 and 3 at Pr=0.7. The data in both the
laminar and turbulent regions agree well with the
present correlation. The two curves do not differ sub-
stantially. However, curves for D,/D; > 10 have smaller
slopes and become turbulent at larger values of Ra,
than those shown on Fig. 2. The change in slope was
found experimentally by Grigull and Hauf [27] who
incorporated it into their heat-transfer correlation.

As the diameter of the outer cylinder is increased.
the heat transfer approaches that of a single horizontal
cylinder. Curves for various D,/D; ratios are given on
Fig. 3 at Pr = 100. This Prandtl number is chosen since
the results are virtually independent of the Prandtl
number correlations used in equation (23). The tem-
perature difference used in the Rayleigh number is
T:—T,. The curve for D,/D; = o¢ corresponds 1o a free
horizontal cylinder. The heat-transfer coefficient for
concentric cylinders is lower than that for a free
cylinder except when conduction is predominant. The
results approach the free cylinder limit monotonically,
not in an oscillatory manner predicted in [6]. There
are no discontinuities in the results as in the corre-
lation presented by Powe [22]. To have a heat-transfer
coefficient within 5% of that for a free cylinder requires
D,/D; > 360 at Rap, = 107 and D,/D; > 700 at Rap,; =
1071,

Only a limited amount of data has been obtained
for natural convection between horizontal eccentric
cylinders. Zagromov and Lyalikov [20] show that the
heat transfer is essentially the same as with a concentric
geometry until ¢/L =~ 1. Figure 4 shows experimental
data obtained using air and numerical solutions for
eccentric cylinders at Pr = 0.7, from [21]. These corre-
spond to a heated inner cylinder moved below center
with ¢/L = 0.325 and D,/D; = 2.6. The present corre-
lation obtained with Pr = 0.7 agrees fairly well with
the experiments and does not deviate more than 109,
from the numerical solutions.

More than one inner cylinder inside a cylindrical

I(exo> T T T T T T T T
60 Do/D; /{A
Beckmann 32866 @ oir Hy, CO
a0} +H2. €02 s
0 Voigt B Krischer 272 v an /A
Griguil B Hauf 36 @ oir /‘ C
20 Lis 300 A SFg, N2 Do /D; = 2"'0""”0'7\ A Turbulent
Zagromov B Lyolikov 286 @ air vk Boundary
O Kuetn 8 Goidstein 2.60 4 air * ". Layer Flow 4100
8 Kroussold 300 & water,oil ’M 48
6 3 p 160
-
— o} ¢ o 440
Keq -— /eﬂ“
2r Laminar Boundary a 420 keq
L 4 Layer Flow /
| ud Do /0; BT
:DA/AA Backmonn 2,062 O air,HzC024 8
L~ Voigt 8 Krischer 193 VYV eir 46
Conducti Grigull & Hou! 196 O oir
onduction Griguil 8 Hout 210 O air 14
Lis 200 & SFg Ny
Dy/0;22.0,Pr=07 Zagromov BLyglikov 2.00 © air 4 2
Koshmarov & Ivanov 1.90 © air
L —_ a4 ! 1 |
104 10° 107 10® 10° 10°° 10"
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FiG. 2. Comparison of correlating equations with experimental results for natural convection between horizontal con-
centric cylinders.
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FiG. 4. Comparison of correlating equations and experimental and numerical results for natural convection between
horizontal ecceniric cylinders, 8,/0; = 2.6. e:L = 0.325.
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Fic. 5. Mean Nusselt number for natural convection from tnner cylinders to a horizontal cylindrical enclosure,
D,/D; = 30, Pr=100.
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enclosure can be treated by summing the heat transfer
from each inner cylinder assuming T, is the same for
each. This is not expected to give realistic values when
a large number of inner cylinders are used since the
bulk temperature will vary considerably at different
locations. If the inner cylinders have the same diameter
and are maintained at the same temperature the overall
Nusselt number for convection becomes
_ 2N

''''' T In[1+2/Nu]=NIn[1-2/Nu,] (28)
with Nu; and Nu, obtained from (11) and (21) respect-
ively and N set equal to the number of inner cylinders.
The heat-transfer coefficient in Nup,__is based on the
surface area of one of the inner cylinders, 7, is com-
puted from similar to (22) from

oL _NNup,, (29)

i-T  Nup,,
The value for conduction must be found and substituted
for (25) to obtain heat-transfer results at small Rayleigh
numbers. Figure 5 shows the results for 1, 2 and 3 inner
cylinders inside a cylindrical enclosure. The diameter
ratio for each case is D,/D; = 3 at a Prandt] number
of 100. The heat-transfer coefficient for the inner
cylinders decreases as more cylinders are added. That
for three inner cylinders is approximately two-thirds
of the value for a single inner cylinder with the same
temperature difference T;— T, and Rayleigh number
based on D;. The mean bulk temperature increases
with the number of inner cylinders. This is expected
since more heat must be transferred to the outer
cylinder across the temperature difference T, — T,. No
other heat-transfer results could be found for this con-
figuration although three or four cylinders within a
horizontal cylindrical enclosure are proposed designs
for cryogenic and compressed-gas-insulated electric
power cables [31.32].

SUMMARY

A conduction boundary-layer model has been de-
veloped to correlate existing overall heat-transfer
results for natural convection between isothermal
horizontal concentric and eccentric cylinders. The
present result approaches previous correlations for a
free horizontal cylinder for laminar and turbulent flow
in the limit as D, — cc. Experimental data for quasi-
steady heat transfer within a horizontal cylinder is also
correlated in the limit as D; - 0. Heat-transfer coef-
ficients for more than one inner cylinder within a
cylindrical enclosure are also predicted.

The present correlation has been developed assuming
isothermal cylinders. Any thermal boundary condition
may be imposed providing corresponding boundary-
layer solutions or experiments are used to define
Nu; and Nu,.

The correlation gives valid results for a number of
geometries with little or no discontinuity between
them. This is preferred to developing a separate corre-
lation for every geometry encountered. Fewer corre-
lations are required and heat-transfer coefficients can
be obtained for geometries that have not been investi-
gated previously.
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EQUATIONS DE CORRELATION POUR LE TRANSFERT DE CHALEUR PAR
CONVECTION NATURELLE ENTRE CYLINDRES CIRCULAIRES HORIZONTAUX

Résume— Des ¢quations de corrélation pour le transfert de chaleur par convection naturelle autour de
cylindres horizontaux a 'intérieur d’une enceinte cylindrique sont obtenues sur la base d'un modéle de
couche limite de conduction. La relation est valable pour le transfert de chaleur par conduction. en
régimes laminaire et turbulent. Les résultats tendent vers I'équation du transfert de chaleur autour d’un
cylindre horizontal lorsque le diamétre du cylindre extérieur devient infini et tendent vers le cas du transfert
de chaleur quasi-stationnaire a un fluide situé a 'intérieur d’un cylindre horizontal lorsque le diametre
du cylindre intérieur tend vers zéro. L'étude s’applique a des géométries comprenant des cylindres
horizontaux concentriques ou excentrés et a des rangées de cylindres a 'intérieur de I'enceinte cylindrique.

KORRELATIONSGLEICHUNGEN FUR DEN WARMEUBERGANG BEI NATURLICHER
KONVEKTION ZWISCHEN HORIZONTALEN ZYLINDERN

Zusammenfassung— Unter Verwendung eines Leitung-Grenzschichtmodells werden Korrelationsglei-
chungen fiir den Wiarmetibergang bei natiirlicher Konvektion an horizontalen Zylindern mit zylindrischer
Ummantelung hergeleitet. Die Korrelation ist giiltig sowohl fiir den Fall der Wiarmeleitung wie fiir den
Fall laminarer und turbulenter Stromung. Fiir den Fall, daB der duBere Zylinder unendlich ausgedehnt
wird. ndhern sich Ergebnisse denen fiir den Wiarmeliibergang an einem freien horizontalen Zylinder:
geht der Durchmesser des inneren Zylinders gegen Null, so erhélt man die Werte fiir den quasi-stationéren
Fall des Warmeibergangs an ein Fluid in einem horizontalen Zylinder. Die Korrelation umfat die
konzentrische und exzentrische Anordnung sowie die Anordnung mehrerer Zylinder in einem dufleren

Zylinder.

KOPPEJISALUMOHHBIE YPABHEHWUA A5 MEPEHOCA TEIJIA ECTECTBEHHOM
KOHBEKUMEN MEXAY I'OPU3OHTAJIbHBIMU KPYT/BIMU UMIUHOPAMMU

Anmortauns — [lonyyeHbl KOPPE/IALUHOHHBIE YDAaBHEHMA [/ MEPEHOC3 Tensja ecTECTBEHHON KOH-
BEKLHEH OT rOPU3OHTANbHBIX UHIMHAPOB B NPOCTPAHCTBO MEXAY LMAMHIpaMu. s BbiBO#a ypas-
HEHHt HCNIO/1B30BAHA MODENb TEMJIONPOBOAHOCTH B NPUGTHKEHHH NOr PAHUYHOTO C0s. Y paBHEHHA
cnpaBeafiMBbI AJIA OMHCAHHS MpoUEcca TeMIONepeHoca 3a CYET TENIONPOBOOHOCTH, A TAKXKE KOH-
BEKTHBHOIO NEPEHOCa JAMHHAPHOTO M TypOy/NeHTHOro TeyeHHH. TTonyveHHbie pe3yIbTaThi CXOOHBI
¢ pe3y/bTaTaMM MO MEPEHOCY TEnNia OT FOPU3OHTAIBHOTO UWIHHAPA, KOTA AMAMETD HAPYXHOro
UMIHHOPa HMeeT GECKOHEYHO OGOMBILOE 3HAYEHHE, H N0 KBAIMCTALHOHAPHOMY MNEpeHoCcy Tenna K
XUAOKOCTH BHYTPU TOPH3OHTA/IBHOIO UMAMHIApA, KOTda IHAMETD BHYTDPEHHEro UMAMHApA rpubiu-
KAETCA K HYNKO. Y PaBHEHHA MPEACTaBNEHbl A8 TOPHIOHTANBHbIX, KOHUEHTPUYECKHX U IKCLEHTPH-
4ECKHX TEOMETPHIt, a TaKXKe NMy4YKOB LHIHHAPOB, TOMEWEHHbIX BHYTPH BHELIHErO LMIHHIADA.



